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STABILITY ANALYSIS OF STEADY SUPERSONIC FLOW
REGIMES PAST INFINITE WEDGE

A. M. Blokhin and A. D. Birkin UDC 519.6:533.7

Introduction. Two solutions of the gasdynamic problem of steady supersonic flow past a wedge (Fig. 1) are known
to be possible (see, for example, [1]): the weak shock solution (the gas flow behind the shock wave is generally supersonic,
i.e., u§ + v} > cf), and the strong shock solution (the gas flow behind the shock wave is subsonic, i.e., u§ + v§ < c). Here
u, and v, are the components of the velocity vector of the gas, and ¢, is the sound speed. Moreover, for the incident flow we
have U, > ¢, where ¢, is the sound speed. An unequivocal answer to the question as to which of the two solutions actually
occurs has not been found so far, in spite of the myriad papers addressing this problem. One of the possible ways of solving
this question is discussed in [1] and consists in analyzing the stability of these steady gas flow regimes against small
perturbations, i.e., in studying the asymptotic behavior of the solution of the linear mixed problem [see problem (1.1)—(1.4)
in Sec. 1] for t = oo,

In the case when small perturbations depend on (besides the time) one "spatial" variable only, it has been rigorously
shown in a number of papers (see, for example, [2, 3]) that the weak shock gas flow regime is stable against small
perturbations, while the strong shock flow regime is unstable.

In the general case, it has been shown in [4] that the basic solution corresponding to supersonic flow past a wedge with
a weak shock wave is stable against small perturbations, provided the gas flow behind the shock wave is supersonic and that

My(6)>1 when o0<6<4,, (0.1)

Here,

ugcosd + vgsind
Co ’

Mi(8) =

At the same time, it has been found in [5] that the linear mixed problem {see problem (1.1)—(1.4) in Sec. 1] is also correct
when

u§+vg<c§

(at least for the case of smail wedge angles o; see Fig. 1). However, the stability of such flow regimes was not proved in [5].

The present paper essentially supplements the investigations undertaken in [4, 5]. In Sec. 2 we prove that the linear
mixed problem (1.1)-(1.4) from Sec. 1 does not have special particular solutions that increase as t = oo for the weak shock
gas flow regime [including the case when condition (0.1) fails]. This result is also indirect confirmation of the stability of such
a flow regime past at wedge for the case when condition (0.1) fails.

In Sec. 3, for the strong shock regime we construct a special particular solution that increases as t — oo, which,
together with the results of [5], proves the instability of this supersonic flow regime past a wedge against perturbations.

It should also be noted that the nonexistence of a steady flow regime with a strong shock wave for tapered bodies of
finite thickness has been established in several papers (see, for example, [6, 7]) by qualitative reasoning. Plausible arguments
are also given in [8, 9]. In our opinion, the instability of the strong shock regime for an infinite wedge as proved in Sec. 3
and the results of [6-9] are mutually complementary.
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1. Preliminary Information. The mathematical formulation of the problem of supersonic flow past a wedge has been
given in [5]: in the region t, x > 0, and y > x tano the solution of the system of acoustical equations

AU, +BU, + C,U, =0, (LD

is found, subject to the boundary condition at the shock wave (x = 0) and at the wedge surface (y = tano)

A
up+duz=0, uz+ug=0, u2=;Fy, Fi 4+ F,tgo = pus; (1.2)
Uz = Uy tgd (13)
and the initial data att = 0
U(0,z,y) = Uo(z,y),  F(0,y) = Fo(y). 1.4)

Here, U(t, X, ¥) = (u; uy uy uy)T is the column vector of unknown functions, and x = F(t, y) is a small displacement of the
shock front, where

F(t,0) = Fo(0) = 0. (1.5)

The matrices A, B, and C, and the constants d, \, and p are given in [5]. We assume that the boundary conditions (1.2) and
(1.3) conform not only with the initial data (1.4), but also with each other at points of the edge t = 0 and x = y = 0. From
Egs. (1.2) and (1.3) with (1.5) we obtain

A+ dtg?olua(t,0,0)=0, t>0,
ie., if D; = A\ + d tane # 0, then
U(t,0,0) =0, t>0. (1.6)

Remark 1.1. The mixed problem (1.1)—(1.4) has been formulated for the case when the gas flow about a wedge with
the shock wave directed along the y axis (Fig. 2) is chosen as the basic solution.

Below, we make use of an equivalent formulation, to which the mixed problem (1.1)—(1.4) (see [5]) can be reduced:
In the region t, x > 0, y > x tano the solution of the wave equation

{M*L} - L} - n*}us = 0, -7
is found, subject to the boundary conditions at the shock wave (x = 0) and at the wedge surface (y = x tano)

{mL?+nLl - h—f:-f LiLy}us = 05 (1.8)
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{coson—sinoé}uz =0 (1.9)
and the initial data at t = 0. Here
I M?
Ly==; L=r+tgon; Ly=p06-—1;
1=3i h gomn 2 = B¢ 5
R T )
-t =9z "7 oy’
A M?
ﬁ2 =1-M? (M2 <ljn= —5; m= Bd+i;\-;1—; M= 122 (see Fig. 2).
‘ 0

Remark 1.2. We recall once more (see also Introduction) that in [5] the correctness of the mixed problem (1.1)—(1.4)
was proved when the basic solution satisfies the inequality

2

ug + v M

Mo = Oct > = coso
0

and the angle o is sufficiently small, i.e., the post shock gas flow is subsonic (the basic strong shock solution. In [4] both the
correctness of the mixed problem (1.1)—(1.4) and the stability of the basic solution against small perturbations were proved
when the basic solution satisfies the inequalities My > 1 and (0.1).

Introducing new independent variables

=z, yY=y-ztgo

and then omitting the primes on the variables, we rewrite problem (1.7)—(1.9):

{M*(r + )" - (€ - tgon)’ — n"}uz =0, t, 2,9 > 0;
{(r+tgan)[r+€+d(r+tgan)— (1,10
—6—:‘5[—%—5’2]-}-/\172}113:0, z=0
(n - sino cos 0€)uz = 0, y=0.
We seek a particular solution of problem (1.10) in the form
ua(t, z,9) = e“‘u(z, ), (1.11)

where w is a certain (in general, complex) constant. Substituting (1.11) into (1.10) we obtain the problem for the function
u(x, y)
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{a€® + 2b6n+ en® +dof + flu=0, z,y>0;
2
{Axrf—Azér)+wAan—w%£+w2(1+d)}u=0, z=0;
;A

{n-sinocosaflu=10, y=0.

(1.12)

Here
1
a=p% b= —tgo; c¢= 5= do = —2M%w; f= —uzMz;
Cos o
tg?o ar 1
A = = = . =
=Dy + o A; M2 tgo; A3—(1+2d+ W)tga.
Problem (1.12) can be simplified by introducing canonical variables. Let My > 1; then, transforming the canonical
variables
" tgo VA
2" =2(y+z57), y'=2pe

and introducing the new function v in place of the function u
2
u = exp {%(ﬂy" -z tg”)‘”}”(z"v ¥,
we have the problem for v (primes are omitted)

Uzz_vyy—920=0, >0, 0<y< Byz;
Dyvez — Davyy + Dyv, + Dyvy+ Dsv =0, y=0;
vy+B0vI =0, y= BOI,

where
= EANI . 2 VA m\?
=g3w A=My-L; D:= 8o Dy=-2<-1go;
8va B2 M?tg2o VA
Dy=—F0: Ds={d= 2, _
NS YE 5 (d w2t A 52 )Q i Bo= tgo (< 1.

Now let My < 1. Transforming to the canonical variables

tgo
I"=y+r—§,—2—. " —EI
2

and introducing the new function v in place of u:
M? ~
u = exp {F (z"tgo - y”ﬂ)u}v(z", v,
we obtain from (1.12) the problem for v (primes are omitted)

v':z+vyy—92v=0. >0, -Bpz<y<0;
Dyvzz + Dyvzy + Dave + Dyvy + Dsv = 0, y=0;
vy + Bovz =0, y=—Bpz.

Here

Q=—.—.—U; ézzl—Mg; Bo:——; D2=tha;

(1.13)

(1.14)
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2 Zt
D3=2T\ﬁqlg62 D.;——\dﬂ:,Q D5 (d'lH—-‘F/\M ga)Qz.
1

Finally, let My = 1. Assuming that

z—y+:r y"=1'

ﬂ”

and introducing the new function v in place of u:

M2 z"
u = exp { (’ﬁy" - 2tgo)w}v(1”’ 3/”)7

from Eqgs. (1.12) we obtain the problem for v (primes are omitted)

vy +div; =0, >0, 0<y< Boz;
Dtl‘::—Aivzy+st:+D4vy+D5v=0, y=0;

\12 (115)
vy + —ﬁ'~2—- v =0, y= Bz,
where
M?tgo 32
dy = =2 . =L
1 ﬂ‘ W, \) tga
Dy= - (A-dig?s); D=-2%. p <
3= tga( g°g); Dy=- YR 5~D‘4tg2a'

Remark 1.3. Using the well-known oblique shock relations (see, example [10]), one readily establishes that the
inequality My> 0 can be rewritten as follows (see Fig 2):

25 _ 1=yt _ 3772 0 2 S
CRE +1)M T3 NI (1.16)

Here My = M_,cos6, M, = Ug/c, is the Mach number of the incident flow, and v > 1 is the adiabatic exponent. At the
same time, when the expression for the coefficients d and \ for a polytropic gas (see [5]) are taken into account, the condition
D; # 0 assumes the form

(126 - LMy + (182 - DM + 5 #0.

Hence, for My > 1 the condition D, # 0 is satisfied immediately by virtue of the inequality (1.16). In this condition the
formulation of the problem (1.13) must be supplemented with the condition v(0, 0) = 0 (by virtue of (1.6). Furthermore, in
accordance with {4] we assume that solutions of the mixed problem (1.1)—(1.4) for My > 1 [and hence of problem (1.3)] are
considered in the classes of functions that approach zero sufficiently rapidly as x> + y2 - 0, together with their derivatives.

2. Investigation of Problem (1.13). For simplicity we assume that the parameter in the problem (1.13) is @ > 0 (in
general, Re O > 0). Utilizing the method of Reimann functions (see [11, 12}), we find the value of the function v(x, y) at the
point My(x,, yo) (Fig. 3):

0 Q
20(Mo) = v(P) + v(Q) + / o[R, + BoRa)dz + / [R,v — Ru,} dz, @.1)
P 0
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Fig. 3

(R = Jy(iQKy) is the Riemann function, and K0 = \/(xo — x)? — (yo — ¥)?). Further, since

Ry + B()R: = iQ[yo -y~ BQ(IO .1:)] Jo(tﬂKo)’

then, superposing first the points MO and Q and then the points Mo and P, from (2.1) we obtain the relations

7 (iQBozo J aF
oo = oan) + [ {12005 BOIK) 0y s o)),
° 2.2)
T (iQBoze J(iQVIK) o ST
g(z0) = f(LIO)+L/{ e f(Lz) - Jo(iQVIEK)I(Lz)} dz,
0
where
N . _ Zo Bozo
f(z0) = v(20,0);  g(z0) = ”(I‘J,To’ H-_BE)’
l{zo) = vy(z0,0); K = \/(-To —z)(z¢ — Lz); L= i; go .
0
We add the boundary condition at y = O to the expression (2.2):
Dy f"(z0) = Dal'(z0) + D3 f'(z0) + Dyl(zo) + Dsf(zo) = 0. 2.3)

We further investigate expressions (2.2) and (2.3) by means of the Laplace transform (see [13]).

oo

Fo)= [er o @odzo, L) = [ ePe0i(z) da,

[ 0
Gp) = / eP%0g(z0) dzo
0

be the Laplace transforms of the functions f, /, and g, and let p = s + ioy. Applying the Laplace transform to (2.2) and (2.3),
we have

Flp) = q‘((”)) Glalr) - = L(p)

h(p) pri(p)y _ 1 7(p)
60 = 2" ) ~ 5 £ ),
DaroL(p) = Li(p)F(p) + L.

(2.4)

Here,

— 2 _o. _ 9o(p) + Bop _ P+ Bogo(p).
q0(p) = \/P* — Q% Fi(p) = BTy q(p) 7B,

do(p) =/ o(p)+Bop. .+ P+ Bolo(p)
Qo(p) = p* - LO% Il(p)=%°_; i(p) = 1+0B(;( ,
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A :
Mtga(<1)'

Li(p) = rddtg?a + ri); Ly = Dol(0) — D, f(0).

Q
ro(p) = p— np)=p- —; 2 =
29

Without loss of generality we set L, = 0 (see Remark 1.3). Then the system (2.4) can be rewritten in the form

Li(p) - i(r)
By T® G = BF(TE), o0

Fp) = )f( (q(p)))’

L(p)=

where
Do (6(1’)) L)~ Ly (q(P))

Dzro(q( ))‘IO( ) ,

Dsro(p) Fi(p)
Dzro(p)go(p) + L1(p)

IL(p) =

Fy(p) =

I(q(p))-

Consider the third equation (2.4'). We introduce here the new variable {:

Q
—5(C+%)

We then find in succession
Q1 Q 1y . Q 1,
2o(p) = 5(( - Z)’ 9(p) = —(C + LE)’ o(q(p)) = 5({ -1z},

A =3(c-13). da=2(c+ ah =%

T(ORa(¢)

s a2 -~ YT
I1(¢I(Pl' = —2-’(g - ?)) F2(p) = LT(C,)RI(().

Here

T(O) = +1-2m¢;  To(()=2+1- 25,
ay’

Ri(¢) = DaT({)(¢® ~ 1) + dtg20T?(() + ATZ;
Ra(¢) = DaT(C)(¢® - 1) — dtg?aT?(¢) - ATE.

Consequently, the last equation of the system (2.4') can be rewritten as

Fo) = 1 TOR(2) 7($)

T m© ‘L @)

i)

We now show that F = 0. To this end we require the Laplace transform F (p) to be defined in the haif-plane Re p
> Q. The mapping

(= %(P+\/p2—-92)

2.6)
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is then one-sheeted and takes the region Re p > Q onto a region D’ in the { plane, the branch of the root being chosen so that
ﬁ = 1. Using the boundary correspondence principle one can readily establish the form of the region D’ [this will be
necessary below to justify the technique used to solve Eq. (2.5)]. Substituting p = Q + if (§ € R!) into Eq. (2.6), we find
the boundary of the region D’ in parametric form

1 20
£E(F)=Re( = é (Q + V7 + 49272 cos (5 arctg 7)),
- 1 /. /= 2! 20
7(¥) =Im( = a (y + /¥ + 492 sin (-2— arctg —y;-))

Orne can readily verify that {(7) = {(—¥), i.e, D’ is symmetric about the real axis of the { plane. As § approaches o, we
obtain

This result indicates that 3D’ has asymptotes 7 = (1 + D), £ = 0. It is obvious, therefore, that D' contains a subregion D"
intercepted by lines of the form n = (1 + «i)£, £ = 0, where « > 0 is a constant, i.e., for any number { = roei“’o in D"
it follows that D” contains the radial [ = {{ : { = rel¥o, r > ro}-

Bearing all the foregoing in mind, we find a solution of Eq. (2.5) in the region D”. To simplify our reasoning, we
rewrite it as

1

9(¢) = f()g(al), a=- -1

2.7

Here, g(9) = F(O), and f(D = L(T(HR,(G/LN/TE/L)R (). Replacing { by ot k=1, 2,3,..., in (2.7) we obtain an array
of functional equations valid in the region D", since oX{ € D” by virtue of the property of D” that is contains the radial I:

9(a¥¢) = f(a*¢)g(**1(). (2.8)
Further,
9O _ 90 gag) gl T,
9(ai¢) ~ g(a¢) g(a®()  g(ai() ,g“" )
or

i1
9(Q) = 9(e?¢) [T f(a*¢).
k=0

We recall that the function f({) is known and defined in the region D'. Letting j = oo, we obtain the formal solution of Eq.
2.7

9(¢) = g(o0) T f(*¢) = g(0)A(Q). 2.9)

k=0

Note that each solution of Eq. (2.7) can be represented in the form (2.9), utilizing (2.8). Further, if g({) is a solution

of Eq. (2.7), the function yg(¢) (y € C!) is also a solution of this equation. As a result, all solutions of Eq. (2.7) can be
written in the form
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9(¢) = 7A(S). (2.10)

We now show that A(}) = 0. It then follows from (2.10) that the only solution of Eq. (2.7) is identically zero. To this end
we consider the function

0= [l () <o 0 M)
= T(L"“) - —) @.11)
=Ln+l T(C) I‘I
T(Ln+l)

where g, = R,({/LX*1), by = R{({/LY), ¢ is fixed, and n is a sufficiently large integer. It follows from (2.11) that

_yner_T(O) u lj‘_ﬂ [+ _TQ) Mol £
14a(Q)] = |L i . Ir:Ib— =U
JAS S L1+l :
= town(Ol TT B <oy [ 2Dt
N k};{, el = ‘Azl;.{, [D; + Di| -«
_ {D; — Dy + e\ N _ T
= |20 (W) y ®na(()=1L H

T(Ln+l) ko ®

since obviously, a; ~ D, — D; and b, > D, + Dj in the limit k - oo, and so there exists an N such that the inequalities | ay
— D, —D))| <eand | b — (D, + D)) | < ghold for k > N, where £ > 0 is a sufficiently small number. Since D,
> 0 [inasmuch as M, > 1; see (1.16)], then

|Dz — Dy
— < ],
| D + D |

Hence, the following inequality is satisfied for small values of &:

|Dy — Dyl +¢

< 1-4§<1
[D2+D1I—E—1 <

(the value of & is sufficiently small). We finally have

AR < [ena(Ol(1 = &)~V

for fixed N.

Proceeding to the limit n = oo, wehave | A((D) | =0, i.e., A(¥) = A(}) = 0in D”. Continuing the function A({)
analytically into the region D', we find that A({) = 0 in D’, so that F ({) = O (consequently, F (p) = 0 as well). From the
system (2.4") we then obtain £(p) = G(p) = 0. Reverting to the original functions, we obtain fxg) = g(xg) = Uxp) = 0,
and it follows immediately from (2.1) that v = 0 as well.

3. Investigation of the Spectral Problem (1.14). Let us consider the spectral problem (1.14). Introducing polar
coordinates, we obtain
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1 1
U+ 000+ ~o = Q' =0, r>0, € (~bo,0);

1 1 ! 3.1
Dyv. + D‘Z{’;vrﬂ - ;5179} + Dav, + D4;vo +Dsv=0,7>0,8=0;

vy=0, r>0, 0=-8.
Here, tan 6y = By (By is defined in Sec. 1). Note that functions of the form

cosn(8 + 8p)Jn(—iQr), n>2,

satisfy the first and third equations of the system (3.1); moreover, they possess the necessary asymptotic behavior as r = 0 (see
[5, 4]). We therefore seek a solution of problem (3.1) in the form

vo(r.8) = Y Ancosn(B + 60)Ja(—ifr). (3.2)

n>2

We introduce (3.2) into the boundary condition at # = 0 and try to determine the constants A

Y DiAn(-i)* 7 (—iQr) cosnbo + Y DgAn'QTn J(—iQr) sin nfy—

n>2 n>2
-3 D;A,.-r—;l Jo(~iQr)sinnby + 3 D3dn(=iQ)J.(~ifr) cosnby+ (3.3)
n>2 n>2

+3 D4An:;11 Ja(=iQr)sinnfo + 3 DsAnJn(—ifr)cosnby = 0.
n>2 n>2

Making use of the known relations between Bessel functions of different orders and their derivatives (see 13]), we eliminate
the derivatives of the function J, and terms of the form ( l/rk)Jn in (3.3); we finally obtain

Z [Dl cos nfy — Dqsin nOOA + il%cos(n —1)6p ~ D, sin(n — 1), 4

n n-17
=2 4 2
Dy +2D D - Dysin(n ~
_D +22D5 cos (n = 2)f6An_s — ’,Dg cos(n — 3)8, -2{»- Dysin(n - 3)6g Ans
D —4)8 i -
+ 1cos(n — 4) o: Djsin(n 4)0°A,,_4]J,._g(—iﬂr) -0,
where
~ migo ~ 86 = B2 M?tga
= . = = (d— + A ——).
Da=2—y = D ( Mz T TR )
Let

A_2 = :1_1 = Ao = A] =0.

Then, assuming that

Dy cos 26 — D,sin 28y A

=0,
3 2
ie.,
D
1g 260 = D—‘, A, € R\{0}, (3.4)
2
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we find the remaining coefficients recusively.

Remark 3.1. The coefficient D, is positive for weak shock regimes (see Remark 1.3), is negative for strong shock
regimes, and is equal to zero for the regime corresponding to the maximum angle of flow deflection at an oblique shock (see
3D.

Let us verify that the constructed solution actually corresponds to the strong shock regime. To do this, it is sufficient
to confirm that D; < O when condition (3.4) is satisfied. Writing the relation tan 26, = D,/D, in the form

22M2(2 + d(1 + MY)] + 2[M?A(1 + M?)-
—(dM? + 2)(1 - MD)] - AM*(1 - M%) =0, z=tg’q,

we find its roots z, and z_. We substitute the smaller root z_ into the expression for D; and prove the inequality D ; < 0.
We have the relation

1+ M2) 42M?

2
d(2+dM* + MM 7

2 4
<d\/(2+sz—/\M21;§d )*+ 4’\M (24 d(1+ M3)),

Squaring it, we obtain

2p g4
16A M (1+M)

) 8Ad*M?

M2
+8XM? (24 aelt =

g2

or

2 2
S’LM (a+ %—)(2 +d(1 + M?)) < 0.

The latter inequality is correct, since the conditions (d + MMZ/82) > 0 and A < O are satisfied for a polytropic gas.
Consequently, the constructed solution (formal so far) does indeed correspond to the strong shock flow regime.

Remark 3.2. The relation tan?s = z_ is also an algebraic equation for § as a function of M, (o and & are bound by
a well-known relation (see [10] and Fig. 2)), which, for example, can be solved trivially for sufficiently large values of M,
Consequently, values of M, and § can be found such that the relation (3.4) is satisfied.

We now prove the convergence of the series (3.2) subject to condition (3.4). Calculating the coefficients A, we see
that for large values of n

- D3 cos (k — 1)8p — Dysin (k — 1)8
2n 3 3 0
H I Dy coskby — D sin kfy I+

1

+(|D1|+|D5|)’"(D3+D4)" H |D1 cos kfg — D, sin k|’

where m and s increase with increasing n, and m + s < n. We assume that D; cos kf; — D, sin kf, = 0, because if
D, cos k) — D, sin kfy = 0, then the coefficient of A, is equal to zero, and this term will not appear in the series (3.3), i.e.,
such factors are not involved in the product. Further, it is obvious that | D cos ki — D, sinkf; | > b > 0 for all values
of k (b is a constant independent of k). Finally, | A, | ~ a", where a is a certain number. Let r be fixed. Since

[vo(r, ) < 3~ |Anl |Jn(=iQF)|,  |Ja(=iQr)| < ¢ ch(Qr)
n>2 (n-1)"
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and

ap
|vo(r, 8)] ~ 3

EACESVE

Thus, the series (3.2) converges pointwise. Obviously, however, the series (3.2) converges uniformly in any region of the form
D'={r,0:0<r1<r" < o, —f, <6 < 0}. Moreover, the function vy(r, 6) is infinitely differentiable in D’. To obtain
a "solution” in the initial region D = {(r, 8) : 0 <1 < o, —f; < 6 < 0}, we set v(r, §) = 0 in D\D'.

Let us determine the eigenvalue to which the resulting “solution” corresponds. To do so, we integrate the first equation
of (3.1) over the region D:

/Avdzdy: Q’/vd:dy.
D D

Invoking the Gauss theorem, we obtain

QZ/vda:dyz e [y, /_a_"dz
on on on "’
D 8D 3D, aDq

where Dy = {(r, 0) : t > 0,6 = —04}; D, = {(r, 0) : r > 0, 6 = O}. The integral { %%dl = 0 is equal to zero by

aDy
virtue of the impermeability condition Then
n’/vdxdy= / »u 3.5
on
D Dy
But gﬁ oDs = g—;. Expressing dv/dy from the condition at the shock wave, we find
2
a 1
& = e — (Dlv,,_- + ng,_-y + Djv.. + st).
9y D4 (3.6)
Substituting (3.6) into (3.5) and making use of the fact that
v,0z,0 -0 and r—0 as r— o0, 3.7
we have
~ v dl
Q= —.?3 agz Ial)z
T Dy [vdzdy ’ (3.8)
D
Remark 3.3. The conditions (3.7) are satisfied for all solutions of the problem (3.1) (see [14]).
Introducing the relation (3.2) into (3.8), we obtain
- Y. Ancosnby [ Jo(—iQr)dr
a=_Ds_n% 9 (3.9)
Da s~ A (sinnbo)/n [ rdu(~iQr)dr
n>2 0
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Finally, we have the algebraic equation for Q (the value of r* is fixed). We next investigate the solvability of Eq.(3.9). To this
end, we consider the function

~ 2 Apcosnéy fJ (-iQdr)dr
DS n>2

F) =9+ == .
i An(sinnl)o)/nfrJ,,(—iQr)dr
n>2 o

Further, if A, is assumed to be real, then both A, and J,(—iQr) will be real for even order index and purely imaginary for odd
mdex, i.e., F is a real function. As Q - oo, the fraction is bounded, hence F(+ o), and F(0) = 3, B, 7_-;1 < 0. Then,

considering F(Q) in the interval [0, B], where the value of B is sufficiently large, we infer that F(Q) is continuous therein and
at the ends assumes values of different signs for positive 135 {which, in turn, is possible for small values of ¢). Furthermore,
Fg | ;==g > 0, so that for sufficiently small values of r* the function F(Q) increases monotonously. Consequently, the equation
F(Q) = 0 has a single positive root ©;, which can be found, say, by the bisection algorithm (see, for example [15]). We submit
this root as the eigenvalue of problem (1.14). The formulas of Sec. 1 now imply that @ > 0. As a result, no matter how small
the initial data for problem (1.10) in the norm, we still have unbounded growth of the solution with time in any reasonable
norm.

Remark 3.4. As a matter of fact, the above solution does not have any properties that would be desirable in our case,
since an a priori estimate guaranteeing the correctness of the initial formulation of the problem has been obtained in the class
of functions in space W%. Hence, these functions can be adjusted on a set of measure zero so as to be continuous (see, for
example, [5]). The particular "solution” obtained in this section does not possess such a property (it has a line of nonremovable
discontinuity r = 1", —6; < 8 < 0).

The situation can be corrected if we consider a problem of the form

v + izveo + %v,. le = rr<r<ri+e, 8 € (—6q,9);
r
1 1
Dyv,, + DZ{ —Vrg — _‘vﬂ} + D3vf + D-i ve + st =
rr<r<rt+e, §=0; (3.10)
v=0, r=r"4+¢, 6€(—6,0);
v = vo(r*, 8), r=r", 6 € (—89,0).

Here the primed coefficients differ from the unprimed in that they contain @, instead of Q, and ¢ is a small number chosen so
that Q, will remain positive (see the discussion below).
Problem (3.10) is certainly solvable (see [14]). We denote its solution by v,. Substituting the function

vp for 0<r<r, 8 € (—8o,0);
v=o vy for r<r<r+e, 0¢€(—6,0); (3.11)
0 for mt+e< r, 0 € (_0010)1

into Eq. (3.8) we find a new value of {,, which, in turn, is introduced into (3.2) and (3.10). After this is done, we consider
the function v!, which is analogous to (3.11), the only difference being that v! contains, instead of v}, the solution of (3.10)
corresponding to the number Q,, etc. Thus, the function v, can be regarded as an approximation of the particular "solution”
of W3 which increases exponentially with time.
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